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Abstract

Wave-induced beach groundwater flow has been linked to sediment transport in the near-shore zone and chemical transfer from
the aquifer to the ocean. The flow dynamics, however, are not well-understood. This paper presents a numerical study of the in-
stantaneous (i.e., phase-resolved) wave motion and resulting groundwater responses in the beach zone. Simulations conducted for a
representative beach reveal various important features of the flow. In particular, periodic local groundwater circulation occurs below
progressive bores while the averaged flow behaviour is characterised by continuous circulation (due to wave set-up) extending from
the upper part of the beach to the lower part. These results are analysed and compared with previous analytical solutions derived for
simplified situations. The findings will assist future studies to quantify the effects of beach groundwater flow on other coastal

processes. © 1999 Elsevier Science Ltd. All rights reserved.
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Notation MWT middle beach water table
MSL mean sea level
AMP amplitude (L) p pore pressure (ML™!T~2)
a bore amplitude (L) RM maximum run-up
BP breaking point SWE shallow water equation
b (3e/h2)'? s the slope of wave set-up
d still water depth at the seaward boundary T wave period (T)
L) t time (T)
F, seepage force due to infiltration/exfiltration u horizontal groundwater flow velocity
(MLT"?) (LT
g magnitude of gravitational acceleration Uy, horizontal water velocity due to waves
(LT?) (LT
H incoming wave height at the seaward w vertical groundwater flow velocity (LT™')
boundary (L) X, x coordinate of the moving shoreline (L)
HWT High beach water table x coordinate in the cross-shore direction (L)
hy water depth at the bore front (L) Xo x coordinate of the bore centre (L)
n local aquifer thickness (L) z coordinate in the vertical direction (L)
hr landward hydraulic head of the aquifer (L) B beach angle (Rad)
I infiltration/exfiltration rate (LT~") ¢ hydraulic head in the aquifer, P/pg +z (L)
K hydraulic conductivity (LT") v stream function (L)
L the length of the aquifer base (L) n depth of water above the beach face (L)
LWT low beach water table & ratio of a to Ay
/ the distance between BP and RM (L)

*Corresponding author. Tel.: +44-131-650-5814; fax: +44-131-650-

6781.

E-mail address: lingli@ed.ac.uk (L. Li)

1. Introduction

Groundwater flow in a coastal aquifer is influenced
by the dynamic boundary conditions at the beach face,
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which are underlain by sea level oscillations. At a
natural coast, mainly tides and waves drive sea level
oscillations. The former have long periods, for example,
24 h for a diurnal tide. In contrast, wave periods typi-
cally range from a few to tens of seconds. Since the in-
land damping of the oscillations is inversely related to
the period, tidal influences propagate into a coastal
aquifer further than wave-induced influences [6]. In
other words, the wave effects are confined within the
beach zone.

As waves propagate towards the shore, they inevita-
bly become steeper and steeper due to non-linear effects
and beach slope. This often leads to wave breaking and
the formation of bores [13]. The large slope of the sea
surface in the vicinity of a bore results in significant
hydraulic gradients that may cause considerable beach
groundwater flows locally. Packwood and Peregrine [11]
studied bore-induced groundwater flows on a flat, hor-
izontal porous bed. They found that, at the rear of the
bore, infiltration (flow into the porous medium) occurs
across the bed while exfiltration (flow out of the porous
medium) takes place on the front side. The infiltration/
exfiltration rates are determined by the bore amplitude,
the water depth at the bore front and the thickness of
the underlying aquifer.

Also, as a result of wave breaking, the wave energy is
dissipated and the radiation stress is reduced shore-
wards. The radiation stress is defined as the wave-in-
duced force on the water body [2]. The shoreward
decrease of the radiation stress leads to an upwards tilt
in the mean sea level as shown in Fig. 1, termed “wave
set-up” [2]. Longuet-Higgins [8] demonstrated that the
mean on-shore pressure gradient due to wave set-up
drives a groundwater circulation within the beach zone.
Across the beach face, water infiltrates into the coastal
aquifer at the upper part of the beach near the maximum
run-up (RM), and exfiltration occurs at the lower part of
the beach face near the breaking point (BP). The cir-
culation extends below the beach face, to a depth com-
parable with the distance between the BP and RM.
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Fig. 1. Schematic diagram of beach processes. Dashed line is the mean
sea level and the dot-dashed line shows the still seawater level.

The beach groundwater flow, as induced by wave
motion, has been linked to the sediment transport pro-
cess [1,3,14,15]. Turner and Masselink [15] found that
the infiltration/exfiltration in the swash zone (defined as
the zone where wave run-up, i.e., upwash, and run-
down, i.e., backwash, occur) can increase the sediment
transport rate by up to 40% of the peak transport rate
during upwash and decrease it by 10% during the
backwash. Li et al. [7] demonstrated that the beach
groundwater circulation due to wave set-up contributes
largely to the submarine groundwater discharge and so
affects the chemical transfer from the coastal aquifer to
the coastal sea. Despite its importance in these coastal
processes, the beach groundwater flow has not been
studied to any great extent. Previous studies on dy-
namics of beach groundwater have been focussed on the
behaviour of the water table instead [1]. Longuet-Hig-
gins’ analytical solution [8] for the beach groundwater
circulation due to wave set-up did not include the free-
surface boundary conditions at the water table or the
landward hydraulic condition. Thus, its applicability to
natural beaches may be restricted. Little is known about
the responses of the beach groundwater to a bore and
how the responses vary in the surf and swash zones.

As a bore propagates on the beach, its amplitude and
front water depth will vary, as will the thickness of the
underlying local aquifer. The bore-induced beach
groundwater flow is, therefore, expected to behave dif-
ferently from that predicted by Packwood and Pere-
grine’s analytical solution [11]. Recently, Turner and
Masselink [15] reported a field study of the instanta-
neous infiltration/exfiltration in the swash zone. While
the study provided, for the first time, data of the in-
stantaneous flow rates across the beach face, the mea-
surements were limited to a single location. The overall
dynamics of the beach groundwater flow are yet to be
investigated.

The objective of the present study is to examine,
through numerical modelling, the basic features of in-
stantaneous and phase-averaged beach groundwater
flows induced by waves. The instantaneous flow will
reveal the groundwater responses to bores and wave
run-up. It will be simulated using phase-resolved waves.
The numerical results will be compared with Packwood
and Peregrine’s analytical solution [11] with the aim of
testing the applicability of the latter in the case of a
sloping beach. The phase-averaged flow, obtained by
averaging the instantaneous flow over a wave cycle, will
depict the groundwater circulation due to wave set-up
(also a phase-averaged phenomenon). The simulations
are conducted using an existing numerical model [6].
The model simulates the interacting wave motion and
groundwater flow (Fig. 1). The non-linear shallow water
equation (SWE) was used to describe the wave motion
on the beach. Only the saturated groundwater flow in
the aquifer, as governed by the Laplace equation, was
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considered in the model. However, capillary effects on
saturated flow are incorporated through the free-surface
boundary conditions at the water table (cf. [12]). The
dynamic boundary conditions at the beach face for the
groundwater flow were determined by the elevation of
the sea surface as computed by the SWE. This model has
been used to simulate the water table’s responses to
wave run-up and was found to reproduce the behaviour
of observed high frequency water table fluctuations [6].
Further details of the model are provided in Appendix
A.

In the following sections, simulation results of the
instantaneous and phase-averaged beach groundwater
flow will be presented and discussed.

2. Instantaneous beach groundwater flow

The values of the model parameters used in the sim-
ulation are listed in Table 1. The incoming waves spec-
ified at the seaward boundary were of a sinusoidal form
with H = 0.5 m and T = 6 s. The beach slope remained
at 0.1 during the simulation, i.e., no changes in beach
topography were considered. The landward hydraulic
head of the groundwater was set to be 2.3 m, which
would not lead to large net groundwater flows (either
landward or seaward). These parameter values are re-
alistic; for example, the values of the wave period and
beach slope are typical for macro-tidal beaches in Aus-
tralia [10]. The simulation started with a still seawater
level at a height of z=2 m and was run for 12 wave
periods to ensure that the effects of the initial condition
were forgotten. The results from the last period are used
for the analysis presented below.

2.1. Bore-induced beach groundwater flow

The simulated wave profiles, in a sequence for
t=2.64, 3.74, 5.94 and 7.05 s (from the beginning of the
last wave), are shown in Fig. 2a. At ¢t = 2.64 s, the wave
“broke” and formed a bore at approximately x = 10 m.
The bore then propagated towards to the shore and ran
up the beach. In the vicinity of the bore, a large gradient
in the hydraulic head exists, leading to local beach
groundwater flows. Infiltration occurred across the
beach face on the backside of the bore while exfiltration
took place below the bore front (Fig. 2b). The rates of

327

shift: -1.2

shift: -2.4

X (m)

Fig. 2. Simulated wave profiles (a) and infiltration/exfiltration (b). The
arrows indicate the bore fronts. To separate the curves of the infil-
tration/exfiltration rates at different times, we have shifted each of
them by the increment shown in b.

infiltration and exfiltration varied in response to changes
in the bore amplitude, the front water depth and the
aquifer thickness. However, the infiltration—exfiltration
pattern remained unchanged and propagated across the
shore with the bore. Note that negative / means infil-
tration and positive I denotes exfiltration according to
the coordinates as defined. To clearly display the results,
we shifted the infiltration/exfiltration curves at different
times by the increments as shown in Fig. 2b. The flow
pattern is very similar to that of bore-induced ground-
water flow across a flat horizontal porous bed (Fig. 3).
Packwood and Peregrine [11] derived analytical solu-
tions for the latter phenomenon by solving the Laplace
equation for groundwater flow subject to the boundary
condition at the bed as described by (1). This boundary
condition reflects the hydraulic head variations due to a
bore,

n:h0+§{1— tanh [6(x — x)], (1)
where /1 is the water depth at the bore front, a the bore
amplitude, x, the coordinate of the bore centre and
b = (3¢/4h2)'* with & = a/ho. Analytical solutions were
obtained for shallow and deep aquifers, respectively.
The aquifer’s shallowness is defined as /b (the ratio of
the aquifer thickness to the horizontal characteristic

Table 1
Parameter values used in the simulations
SIM number Model parameters
H (m) T (s) d (m) L (m) hy, (m) K (m/s) tan (f)
1 (MWT) 0.5 6 2 60 2.3 0.001 0.1
2 (HWT) 0.5 6 2 60 2.6 0.001 0.1
3 (LWT) 0.5 6 2 60 1.5 0.001 0.1
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Fig. 3. Schematic diagram of the bore and the groundwater flow
across a flat horizontal porous bed.

length scale, 1/b). For a shallow aquifer (i.e., /b is
small), the bore-induced vertical groundwater flow is
given by,

— == " tan[b(x — xo)] sech’[b(x — xo)]. (2)
This solution indicates that the vertical pressure profile

is parabolic. For a deep aquifer (i.e., /#;b is large), the
flow is unaffected by the depth, and

3_382(x—x0) = n(n+1/2)
K~ 2h ;[bZ(x—xo)2+n2(n+1/2)2]2' G)

Two numerical simulations were conducted to ex-
amine bore-induced vertical flows across a flat hori-
zontal bed. The results are shown in Fig. 4 and
compared with the above analytical solutions. In both
simulations, xo =0m, ¢ =02m, A =1m. A small
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Fig. 4. Comparison of the simulated bore-induced flow across a flat
bed with analytical solutions of Packwood and Peregrine [11].

aquifer thickness, #; = 0.5 m, was used in the shallow
aquifer simulation, giving /b= 0.19. For the deep
aquifer simulation, #; = 50 m and /;b = 19. The agree-
ment between the numerical predictions and analytical
solutions is very good for both cases.

Although the beach face is not horizontal, the slope is
small and hence the above analytical solutions may be
used to predict the local infiltration/exfiltration caused
by bores on the beach. We first examined the simulated
beach groundwater flow at t = 2.86 s (when the bore is
located near the BP) in the light of the above analytical
solution. From the wave profile, we estimated the bore
amplitude « to be 0.63 m. By fitting Eq. (1) to the sim-
ulated bore (Fig. 5a), we determined the bore centre to
be at xp = 10.2 m. Egs. (2) and (3) were then used to
predict the groundwater flow at the beach face. The
results, shown in Fig. 5b, indicate that the shallow
aquifer solution provides a good prediction of the nu-
merical data. In particular, the predicted maximum in-
filtration and exfiltration rates matched the numerical
results well, as did the locations of those maxima. In
comparison, the deep aquifer solution underestimated
the magnitude of the infiltration/exfiltration rates. At
the lower part of the beach, the aquifer is relatively
shallow (46 = 1.4) and hence good performance of the
shallow aquifer solution is expected. The main difference
between the numerical results and the shallow aquifer
solution occurred in the back and front of the bore. The
infiltration and exfiltration rates predicted by the ana-
Iytical solution decreased rapidly to zero with the dis-
tance from the bore centre while the numerical results
showed more gradual changes. Such a difference in the
flows is likely to have been transferred from the differ-
ence between the simulated and fitted bores, which also
occurred in the same areas. In calculating the shallow
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Fig. 5. Comparison of the simulated bore (a) and infiltration/exfil-
tration (b) with analytical solutions by Packwood and Peregrine [11]
for t =2.86 s.
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aquifer solutions, we used the local water depth and
aquifer thickness at x = 10.8 m (i.e., the bore front).
Note that at the sloping beach, the bore does not overlay
on a uniform water depth. It is also interesting to note
that the infiltration and exfiltration are an odd function
(i.e., symmetrical) with respect to the bore centre.
From the infiltration—exfiltration flow pattern, one
can infer the existence of a local groundwater circulation
beneath the beach face in the vicinity of the bore. In Fig.
6, we plotted the hydraulic heads and head gradients
inside the beach aquifer. Clearly, the bore caused large
horizontal and vertical gradients of hydraulic heads in
the aquifer below it. The hydraulic gradients drove a
local groundwater circulation, as shown in Fig. 6. To
further examine the distribution of the hydraulic heads,
we analysed the vertical profiles of the heads at the back
(x=8m) and front (x = 10.4 m) of the bore (Fig. 7).
The heads at the bore back are higher than those at the
front over the entire depth. The former decreased with
the depth from the beach face, causing a downward flow
while the latter increased with the depth, giving an up-
ward flow. The downward and upward flows are con-
sistent with the infiltration and exfiltration occurring at
the two locations, respectively. The vertical head profiles

5' 85 9 9.5 10 10.5 " 115 12
x (m)

Fig. 6. Local groundwater circulation in the vicinity of the bore. Ar-
rows indicate the head gradients and flow velocities. Colours represent
the heads. Lower panel is extracted from the upper panel and focuses
on the bore area.
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Fig. 7. Vertical head profiles below the bore in the aquifer at
t = 2.86 s. Results are shown for two locations. Data were fitted with
parabolic functions.

at both locations are approximately parabolic as shown
in Fig. 7. The fitted curves are ¢ =0.032
(zy —2)°0.040(z, —z) +2.264 for x=8m and ¢ =
—0.216(z, — z)* +0.328(z, —z) + 1.772 for x = 10.4m
(where z, is the elevation of the beach face).

Differentials of ¢ with respect to z give the non-di-
mensional vertical flow velocity. According to the fitted
functions, the magnitude of the vertical flow decreased
linearly with the depth from the beach face. This be-
haviour is in agreement with the analytical solution for a
shallow aquifer, Eq. (2). However, the depth-reduction
rate of the flow speeds at x = 8 m, 0.064 m~!, did not
agree with the analytical prediction, 0.005 m~'. Such a
difference is again due to the difference between the fitted
and simulated bores occurring at the same location. At
x = 10.4 which is near the bore centre, the numerical
prediction of the reduction rate, 0.43 m~!, is close to the
analytical estimate, 0.48 m~!.

To examine the applicability of the analytical solution
in areas closer to the shore, the above analysis was re-
peated for t = 5.06 s when the bore reached x = 15.1 m.
The results showed that both the shallow and deep
aquifer solutions largely over-predict the infiltration and
exfiltration rates (Fig. 8). In this case, the prediction of
the deep aquifer solution is closer to the numerical data
because the aquifer thickness is large relative to the
water depth. Packwood and Peregrine’s analytical so-
lutions [11] were derived for a small amplitude bore, i.e.,
assuming that ¢ is small. As the bore moves toward the
shore, this ratio increases rapidly and hence the ana-
lytical solutions fail. Another factor is that water table is
likely to affect the flow near the upper part of the beach.
Water table effects are not included in the analytical
solutions, which were based on a horizontal bed.
Although the infiltration/exfiltration rates cannot be



330 L. Li, D.A. Barry | Advances in Water Resources 23 (2000) 325-337

3 T T T T
25 a t=5.06s B
ol i
£t 1
N
WL B
simulated wave|
05 o o fitted bore 7
° \ . . N I
0 5 10 15 20 25 30
x(m)
10 T T T T T
b: t=5.06s I ——  simulation
5F N ---  shallow |1
L ‘=== deep
f o0 = T
™
V!
5 \ 1
|
10 \ . . . .
0 5 10 15 20 25 30

x(m)

Fig. 8. Comparison of the simulated bore (a) and infiltration/exfil-
tration (b) with analytical solutions by Packwood and Peregrine [11]
for t = 5.06s.

predicted by the analytical solution, the local flow pat-
terns, including the symmetrical infiltration/exfiltration
across the beach face and the groundwater circulation in
the aquifer, are similar to those in the lower part of the
beach. The vertical head profiles were also found to be
approximately parabolic (Fig. 9), consistent with the Eq.
(2).

In summary, the analytical solution developed for a
flat horizontal bed and shallow aquifer can be used to
predict bore-induced beach groundwater flow at the
lower part of the beach provided that local parameters
(i.e., &, hy and hy) are used. This approach is not valid for
upper part of the beach where ¢ is large and the water
table effects are important.
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Fig. 9. Vertical head profiles below the bore in the aquifer at
t = 5.06 s. Results are shown for two locations. Data were fitted with
parabolic functions.

2.2. Cross-shore variations of the bore-induced beach
groundwater flow

As the bore propagates towards the shore, its am-
plitude decreases due to energy dissipation. However,
the ratio of the bore amplitude to the water depth in-
creases and so does the thickness of the aquifer. The
beach groundwater flow varies in response to these
changes. To examine such variations, we focussed on the
maximum infiltration/exfiltration rates, which represent
the magnitudes of the local beach groundwater flow.

Fig. 10a shows the bore amplitude as it varies with
location. The first data point may only represent a very
steep wave front prior to breaking. Such a steep wave
front induces beach groundwater flow similar to that
due to a bore and thus is also included in the analysis.
The water depth and the aquifer thickness are shown in
Fig. 10b and c, respectively. The non-dimensional
maximum infiltration/exfiltration rates were plotted in
Fig. 10d.

The magnitude of the beach groundwater flow
reaches a maximum at x = 13 m, which does not coin-
cide with the BP where the bore has its highest ampli-
tude. We first used Eq. (2) to relate the magnitude of the
beach groundwater flow to the bore condition and
aquifer thickness, i.e.,

(%)m 0'38534822;’ 4)

z = hy(i.e., flow across the bed as shown in Fig. 3)

where 0.385 is the maximum of tanh (bx) sech?(bx). The
results show that Eq. (4) can be used to quantify the
magnitude of the infiltration/exfiltration at the lower
part of the beach, i.e., seaward of x = 13 m (Fig. 11a).
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Fig. 10. (a) Variations of bore amplitude with bore location (centre).
(b) Water depth of bore front. (c) Aquifer’s thickness at the bore front.
(d) Variations of the magnitude of infiltration/exfiltration (the maxi-
mum infiltration/exfiltration rate) with bore location.



L. Li, D.A. Barry | Advances in Water Resources 23 (2000) 325-337 331

T T
10* b . e : o o lower beach|
* * * upper beach
* - 1-1
= 102 . * -
* ‘
* .
. :
*
10° o, O nmm= 4
- -
--a--------n--- a
i i
0 0.5 1 15
(1K) e
1.2 T T - T T T
sL{e o lowerbeach * O 1
* *  upper beach
508l I/K=2.84a/d+0.14 © ,
go.
L3 o
=086 4
041 1
o b
02 L L L L | .
0.05 0.1 0.15 0.2 0.25 03 0.35 0.4

ald

Fig. 11. (a) Comparison of the numerical prediction of the maximum
infiltration/exfiltration rate with that of the analytical solution for a
shallow aquifer. (b) Relation between the maximum infiltration/exfil-
tration rate and the bore amplitude. Circles are data for lower beach
and stars for upper beach. The dashed line in (a) shows that the
maximum infiltration/exfiltration at lower part of the beach can be
predicted by the analytical solution. The solid line in (b) indicates that
the maximum infiltration/exfiltration rate at upper part of the beach is
linearly related to a/d.

At the upper part of the beach, the magnitude of the
infiltration/exfiltration is not described by Eq. (4); in-
stead, it is linearly related to the bore amplitude (Fig.
11Db). It is interesting to note that the location separating
these two different behaviours of I coincided with the
location where the magnitude of the beach groundwater
flow reaches the maximum (i.e., x = 13 m).

It is well-known that the infiltration/exfiltration in-
duces a seepage force on the beach sediment. In par-
ticular, an upward force acts on the sediment as a result
of exfiltration. The magnitude of this force is related to
the flow rate [9,15],

117

F, == —pg, 5
5 %P8 (5)

where F; is the magnitude of the seepage force, p the
water density and g is the magnitude of the gravitational
acceleration. According to the simulation, //K can be as
high as unity (e.g., Fig. 10d) and hence the seepage force
due to exfiltration may amount to one third of the
sediment’s immersed weight. This obviously has im-
portant implications for sediment suspension in the surf
zone.

2.3. Cyclic infiltrationlexfiltration and head fluctuations
caused by bores’ passage

In Fig. 12a, we show the infiltration and exfiltration
at x = 10.4 and 16 m over two wave periods. The time-
variations of the local beach groundwater flow are
characterised by cycles of exfiltration and then infiltra-

0.2 0.4 0.6 0.8 1 12
z(m)

Fig. 12. (a) Time-variations of infiltration/exfiltration at fixed loca-
tions. (b) Head fluctuations at different depths for x =10.4 m. (c) head
fluctuations at different depths for x =16 m. (d) depth variations of the
amplitude of head fluctuations at x = 10.4 m (circles) and x = 16 m
(stars).

tion following the passage of bores. First, exfiltration
occurred as the bore approached and the front reached
the location. Subsequently, infiltration started as the
bore centre moved shoreward. Without the bore nearby,
the beach groundwater flow is relatively small.
Accordingly, the hydraulic heads in the aquifer at
these locations fluctuated, as shown in Fig. 12b and c.
Prior to the passage of the bore, the hydraulic heads
declined with time and there was little head variation
with depth. As the bore approached, the depth varia-
tions of the heads were enlarged. The hydraulic heads in
the deep areas (e.g., z=0.12 m) became considerably
higher than those in the shallow areas (e.g., z = 0.88 m),
resulting in an upward flow. As the bore passed, the
hydraulic heads in both deep and shallow areas rose
quickly. The head increase in the shallow areas was
more rapid than in the deep areas. Consequently, the
heads near the beach face became higher than those in
the deep areas, resulting in downward flow. Afterwards,
the heads declined again and their variations over the
depth were much reduced. These features of the head
fluctuations are consistent with the behaviour of the
infiltration/exfiltration across the beach face.
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The results indicate that the amplitude of the head
fluctuations decreases with depth (z, — z). We calculated
the amplitude from the head fluctuations at different
depths and found that the decrease follows a parabolic
trend (Fig. 12d). This is in agreement with previous re-
sults of the vertical head profiles. The results also exhibit
time lags between the fluctuations at different depths.
During the first phase of the bore passage (i.e., prior to
the passing of the bore centre), the head fluctuation in
the shallow areca lagged behind that in the deep areas.
This is due to the fact that the head changes are caused
by an upward flow. The opposite occurred during the
second phase, in which case the head changes result
from downward flow.

2.4. Beach groundwater flow in the swash zone

After the bore reaches the shore, it will run up and
down the beach face. The area where the run-up (up-
wash) and run-down (backwash) is the swash zone. The
simulated shoreline is plotted in Fig. 13, and shows
clearly the upwash and backwash motion in the swash
zone that spanned between x =229 and x =25.1m.
The analysis below will focus on the middle of the swash
zone, i.e., x = 23.92 m.

The swash depth at this location is shown in Fig. 14a.
As the swash lens (a thin layer of water undergoing
upwash and backwash) retreats seaward, the swash
depth becomes zero. The upwash swash depth increases
rapidly, reaches a maximum, then decreases gradually to
zero. The hydraulic heads in the aquifer follow a similar
trend (Fig. 14b). While the swash lens covers the beach
face, the vertical head gradients are downward. The
magnitude of the head gradient at a fixed depth varies
little with time, despite the changes of the swash depth
and heads. As the swash lens retreats and the swash
depth reduces to zero, the heads likewise decline, the
latter being more rapid near the beach face than in
the deep areas. This results in a switch of the direction
of the head gradient from downward to upward. The
variations of the infiltration/exfiltration across the beach,
as shown in Fig. 14c, are consistent with the behaviour
of the hydraulic heads and the head gradients. In par-
ticular, at a given location, a steady infiltration rate

——  wave runup
- x=23.9m

8 10 12

6
t(s)

Fig. 13. Simulated wave run-up. Dot-dashed line indicates the middle
of the swash zone.
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Fig. 14. (a) Simulated swash depth at x = 23.9 m over two wave pe-
riods. (b) Head variations at different depths (i.e., zyz; the values are
listed in the legend box). (c) Time-varying rates of local infiltration/
exfiltration.

persists while the swash lens is present. Exfiltration oc-
curs during the dry period (i.e., zero swash depth). It is
clear from the results that, in the swash zone, infiltration
is dominant and the averaged flow is downward. The
behaviour of the phase-averaged flow will be discussed
further in the next section.

The flow variations in the aquifer with the time and
depth are shown in Fig. 15. The behaviour of the vertical
flow (Fig. 15a), especially near the beach face, mirrors
that of the infiltration/exfiltration shown in Fig. 14c.
The magnitudes of both the downward and upward
flows decreased with depth. To examine such a decrease
of the vertical flow rates, we selected two data sets for
the wet (non-zero swash depth) and dry (zero swash
depth) periods, respectively. In both cases, the reduction
of the downward and upward flow rates with the depth
seemed to be linear (Fig. 15b), a feature similar to that
of bore-induced flow as predicted by Eq. (2).

The horizontal flow is also shown in Fig. 15¢ and d.
The rates of the horizontal flow appeared to be more
variable with time compared with the vertical flow rates,
especially during the wet period. In other words, swash
depth variations affected the horizontal flow. The
downward vertical flow during the wet period was found
to be associated with a seaward horizontal flow, and the
upward vertical flow with a landward horizontal flow.
The former association was essentially due to the tilt of
the sea level, which induced not only a downward but
also a seaward hydraulic gradient. The latter association
indicated that the upward flow was caused by the ap-
proach of the upwash lens (coming from the seaward
side), which generated a landward hydraulic gradient,
similar to that due to a bore. The time-averaged flows at
all depths were seaward. This is due to the effects of
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Fig. 15. (a) Simulated vertical flows at different depths. Values shown
in the legend box are the depths from the local beach face. (b) Vari-
ations of the vertical flow rates with depth. Circles are for r = 0.22 s
and stars for ¢+ = 2.865s. (c) Simulated horizontal flows at different
depths. (d) Variations of the horizontal flow rates with depth. Circles
are for 1 = (0.22 s and stars for = 2.86 s.

wave set-up and will be discussed in the next section.
The rates of the horizontal flow also decreased with the
depth in a manner similar to that of the vertical flow
rates (Fig. 15d).

A comparison of the vertical and horizontal beach
groundwater flows in the swash zone indicates that these
two flows are of similar magnitude though the former is
higher. We can compare this result with the assumption
[15] that the horizontal head gradients within the beach
face are several orders of magnitude smaller than the
vertical head gradients. It should be pointed out that
Turner and Masselink [15] reported only measurements
along a single vertical transect in the swash zone, i.e.,
there were no cross-shore measurements. In an attempt
to quantify the vertical flow and the head variations at
the measurement location, they used a one-dimensional
model, i.e., w= —Kd¢/dz. The authors assumed the
local aquifer thickness to be 2 m and took the boundary
conditions at the aquifer base to be no vertical flow. This
simple model, however, does not account for the hori-
zontal flow. Since w = 0 at the base, dw/dz over the
depth is non-zero and may be estimated as I//; (h is the

local aquifer thickness, i.e., 2 m for the data of Turner
and Masselink [15]). Mass conservation requires that
du/dx ~1/h; (~ means same order of magnitude).
Clearly, the characteristic length scale for the horizontal
flow (e.g., the distance between two subsequent bores) is
of the same order of magnitude as /#; and hence u ~ I. In
other words, the magnitude of the horizontal flow is the
same as that of the vertical flow, in agreement with the
present numerical results. It is interesting to note that
the magnitude of the instantaneous beach groundwater
flow in the swash zone is much less than that of the bore-
induced groundwater flow in the surf-zone.

3. Phase-averaged beach groundwater flow

The mean sea level was calculated by averaging the
simulated instantaneous wave profile. A wave set-down
and set-up appeared seaward and landward of the BP,
respectively (Fig. 16a). Wave set-down is referred to the
downward tilt of the mean sea level due to shoaling ef-
fects [1]. The phase-averaged infiltration/exfiltration
rates were also obtained by averaging the simulated in-
stantaneous flows over a wave period (Fig. 16b). The
results show that, driven by the hydraulic gradient due
to wave set-up, infiltration occurred at the upper part of
the beach near the RM and exfiltration took place at the
lower part of the beach near the BP. Below the beach
face, groundwater circulated as shown by the path-lines
in Fig. 16c. The averaged flows in the aquifer (indicated
by arrows) were calculated by averaging the instanta-
neous flows from the simulation. Again, we see that the
horizontal and vertical flow rates are of similar magni-
tude.

Longuet-Higgins [8] provided an analytical solution
for the groundwater circulation induced by wave set-up
(Fig. 17),

= slexp(—&)cos(y), (6a)
= slexp(—¢)sin(y), (6b)
x = [ cosh (&) cos (), (6¢)
z = [ cosh(¢)sin(y), (6d)

where  is the stream function; x’ and Z’ are the local
coordinates, as defined in Fig. 17; & and y are the el-
liptical coordinates transformed from x’ and z’ according
to Egs. (6¢) and (6d); / is the distance between the BP
and the RM and s the slope of the wave set-up. The
analytical solution assumed the following boundary
conditions,

0¢ _ [ s(constant) between BP and RM,
ox |0 elsewhere on the beach face.

(7)

The problem was solved for a semi-infinite domain. In
other words, the effects of the water table, aquifer’s
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Fig. 16. (a) Mean sea level. (b) Averaged infiltration/exfiltration rates.
(c) Averaged beach groundwater flow. Curves in the aquifer are path-
lines shown the groundwater circulations.

bottom and landward boundaries were not included in
the analytical solution.

The pattern of the groundwater circulation given by
the analytical solution (Fig. 17) has some features that
can be found in the numerical simulation (Fig. 16¢). The
simulated circulation started with infiltration in the
swash zone and ended with exfiltration at the lower part
of the beach. Inner circulation cells, near the beach face,
were small in comparison with outer cells that extended
below the beach face to areas near the aquifer’s bottom
boundary and spanned the RM and BP. The main dif-
ference between the numerical and analytical results is
that, in the former, the circulation cells were not sym-
metrical with respect to the local Z axis across the
middle between RM and BP. The inflow was concen-
trated within a small area near RM while the outflow
spread over a larger area (Fig. 16b and c). These dif-
ferences are likely due to the effects of the water table,
the aquifer’s base and landward boundary, which were
neglected in the analytical solution. Landward of the
beach groundwater circulation, there is an internal cir-
culation below the beach water table (dashed path-line
in Fig. 16¢). The horizontal extent of this circulation was
between x =25 and x =28 m, relatively small compared
with that of the beach groundwater circulation. The

groundwater
’ ’ . .
‘ circulation

1
\

Fig. 17. Schematic diagram of ideal groundwater circulation due to
wave set-up [2]. Dashed curves are streamlines.

internal circulation, linked with the water table, did not
lead to a net groundwater flow. It is also interesting to
note that seaward of the BP, small rates of infiltration
existed as a result of wave set-down, although this is
difficult to discern in the figure.

The non-dimensional total inflow (i.e., the sum of
infiltration rate times the area normalised by K) was
calculated to be 0.37 m?*/m along-shore distance and the
total outflow (i.e., the sum of exfiltration rate times the
area normalised by K) 0.36 m?>/m. Although the former
is slightly larger than the latter, the result indicates that
the net groundwater flow in the aquifer is relatively
small, in accordance with the small difference in hy-
draulic heads between the landward and seaward
boundaries. According to Egs. (6a)—-(6d), the non-di-
mensional total inflow and outflow rates are the same
and both equal s/. To calculate the analytical prediction
of the total inflow/outflow rate, we estimated / to be 15
m and used the averaged slope of the mean sea level
between BP and RM, i.e., s = 0.036. The resulting value

25F <
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1+ - MSL |
- SWL
— LWT
05r — - MWT |]
— HWT
0 . . L . n
0 5 10 15 20 25 30
x (m)

Fig. 18. Comparison of the water tables in the simulations. MSL is the
mean sea level, SWL is the initial still seawater level, LWT is the low
water table in SIM 3, MWT is the medium water table in SIM 1 and
HWT is the high water table in SIM 2.
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was 0.54 m?/m along-shore distance, larger than the
numerical data. The effects of the water table, the
aquifer’s bottom and landward boundaries have reduced
the rate of the beach groundwater circulation as induced
by wave set-up. Nevertheless, the analytical solution
provided an approximate estimate of the infiltration/
exfiltration rates.
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Fig. 19. (a) Averaged infiltration/exfiltration rates from SIM 2 with a
HWT. (b) Averaged beach groundwater flow and circulation due to
wave set-up from SIM 2. (c) Averaged infiltration/exfiltration rates
from SIM 3 with a LWT. (d) Averaged beach groundwater flow and
circulation due to wave set-up from SIM 3.
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Fig. 20. Variations of the non-dimensional total infiltration/exfiltra-
tion rates with the water table elevations. The analytical prediction
(LH) is also shown.

To further examine the boundary effects, we con-
ducted another two simulations with high and low hy-
draulic head conditions at the aquifer’s landward
boundary, respectively. A comparison of the beach
water tables in the three simulations is shown in Fig. 18
together with the mean sea level. The wave conditions
were kept the same as in the first simulation. The sim-
ulation results of the averaged infiltration/exfiltration
rates and the circulation patterns are shown in Fig. 19. It
is clear that a high water table reduced the infiltration at
the upper part of the beach and increased the exfiltration
at the lower part of the beach (Fig. 19a). The circulation
cells were moved towards the upper part of the beach
(Fig. 19b). A net seaward groundwater flow was evident,
which also contributed to the outflow across the beach
face (indicated by the dashed path-line in Fig. 19b).
Conversely, the low water table enhanced the infiltration
and reduced the exfiltration (Fig. 19¢). The circulation
cells moved seaward. Parts of the infiltration contrib-
uted to a net landward groundwater flow (indicated by
the dashed path-lines in Fig. 19d). In summary, the ef-
fects of the aquifer’s free surface and landward boun-
dary conditions affect the phase-averaged beach
groundwater flow.

The variations of the non-dimensional total inflow
and outflow rates with the water table elevations are
shown in Fig. 20. Again, it is clearly evident that the
high water table led to an increase in exfiltration and
decrease of infiltration; and the opposite occurred due to
the low water table. Also plotted in the figure is the
analytical estimate of the total inflow/outflow rate. The
results show that, in the high and low water table cases,
the analytical solution was not adequate for predicting
the differences between in- and out-flow rates.

4. Conclusions

We have studied the wave-induced beach groundwa-
ter flow in details for a representative beach using nu-
merical modelling. The results revealed important
features of this flow:

1. The instantaneous flow is characterised by bore-in-
duced infiltration and exfiltration across the local
beach face below the bore. The infiltration—exfiltra-
tion flow pattern propagates across the shore with
the bore.

2. At the lower part of the beach, the rate of bore-in-
duced flow and its depth variations are related to
the square of the bore amplitude and are also affected
by the bore front water depth and local aquifer thick-
ness, similar to the behaviour of bore-induced
groundwater flow on a flat horizontal bed of a shal-
low aquifer [6]. At the upper part of the beach, the
magnitude of bore-induced flow is related to the bore
amplitude linearly.
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3. The bore-induced infiltration and exfiltration rates
can be relatively large, and may affect sediment trans-
port in the surf zone. In particular, the exfiltration ex-
erts onto the sediment an upward force, which can
amount to one third of the sediment’s immersed
weight.

4. In the swash zone, infiltration is the dominant process
and persists with a steady rate while the swash lens
overtops the beach face. Exfiltration occurs with a
small magnitude and for a short period when the
swash depth is zero.

5. Phase-averaged beach groundwater flow is character-
ised by a groundwater circulation driven primarily by
the wave set-up as analysed by Longuet-Higgins [4].
Conditions at the aquifer’s free surface, bottom and
landward boundaries are also important in determin-
ing the circulation.

Although these findings were obtained for a single

beach, they have implications for other beaches. Pre-

vious studies have shown that the beach groundwater
flow may affect considerably sediment transport and
chemical exchanges between the aquifer and the ocean.

The details of this flow revealed here will assist future

studies to quantify its effects on other coastal processes.

Appendix A. Model description

Wave motion on the beach is modelled using the
modified depth-averaged non-linear SWE [5], i.c.,

oy 0

a“”a(nuw) — 07 (Ala)

d o/ , 1 .\ 1

3, () + 5 (’I“ +a8n ) = —tan(B)gn — 3 finfu,
(A.1b)

where 7 is the water depth, u, the water flow velocity, ¢
the time, x the horizontal coordinate (cross-shore di-
rection), ff the beach angle (Fig. 1), g the magnitude of
gravitational acceleration, and f'is the friction factor.

A dissipative finite difference scheme based on the
Lax-Wendroff conservation method is used for solving
the SWE [4]. A prescribed incoming wave is combined
with the reflective wave (calculated from the numerical
solution based on the linear wave theory) to determine
the seaward boundary conditions. At the landward side
is the shoreline, a moving boundary [5]. A special pro-
cedure developed by Hibberd and Peregrine [4] is ap-
plied to determine the moving shoreline for every time
step.

Beach groundwater is governed by the Laplace
equation,
¢

where ¢ is the hydraulic head, = P/pg +z (P is the
pressure, p the water density and z is the vertical coor-
dinate). Note that the aquifer has been assumed ho-
mogeneous. Such an assumption may not apply strictly
at natural beaches. However, it simplifies the compli-
cated modelling to a workable extent in the first in-
stance. Capillary effects are included in a modified free
surface boundary condition for the water table,

B K B30

o necos(y) on  necos(y) or \ dn

(A3)
z= ng(xa t)v

where K and n. are the hydraulic conductivity and ef-
fective porosity of beach sand, respectively. 7 is the local
coordinate on the boundary (i.e., the water table, z = 1,)
in the normal direction outward from the flow domain,
B. is the thickness of the capillary fringe and v is the
angle between the water table and the horizontal axis.
The first and second terms on the right hand side of Eq.
(A.3) represent two mechanisms for coastal groundwa-
ter responses to the oceanic oscillations [6].

In addition to the water table, three other boundaries
exist (Fig. 1): the landward boundary, the seaward
boundary (i.e., the beach face) and the impermeable
boundary at the base. The landward boundary condi-
tion is prescribed by a constant head (i.e., constant po-
tential). At the base, the flux is zero and hence,
0¢/0n = 0. The boundary conditions at the beach face
are more complicated. Depending on whether the
shoreline and the exit point of the water table couple
with each other, a seepage face may exist where ¢ = z.
Seaward of the shoreline, ¢ = n + z where 5 is calculated
by the SWE. Once the boundary conditions are deter-
mined, Eq. (A.2) can be solved using a variety of nu-
merical techniques. The boundary element method is
used in this study.

The model is two-dimensional, and thus assumes that
the along-shore variations negligible. This assumption is
applicable at most beaches where the oblique angle of
approaching waves is small due to wave refraction [2].
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