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Ecological systems are commonly studied either by explicit conventional
models or by abstract random matrix models. Here we review and ex-
tend the method of generalized structural kinetic modeling , that o�ers
an intermediate approach between these extremes. Generalized models
describe the dynamic capabilities of a system with a given structure, but
do not restrict the processes in the model to speci�c functio nal forms.
The approach is based on the direct construction of the Jacobian in ev-
ery point of parameter space in such a way that each term appearing in
the Jacobian is directly accessible to measurement and has awell de�ned
ecological interpretation. We show that generalized models can be used
to study the local asymptotic stability of steady states and reveal certain
features of the global dynamics. Among other examples we illustrate the
method on a spatial predator-prey system and a complex food web.
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2.1. Introduction

Ecological communities generally constitute complex dynamical systems.
They can give rise to a wide variety of dynamical phenomena, including
temporal and spatial oscillations of population densities, multi-stability
and complex dynamics. The understanding, and eventually prediction, of
the dynamics of ecological communities is one of the major challenges of
theoretical ecology. For this purpose mathematical modelshave been stud-
ied for a long time. At present mathematical models serve as abasis for
the investigation of questions of major ecological importance, such as the
chance of global species extinction, probabilities of invasion and coexistence
of species, response of ecosystems to eutrophication, etc.

While numerical simulations are often used to study large realistic mod-
els, the dynamics of conceptual models can be examined more elegantly by
applying the powerful mathematical tools of dynamical systems theory. An
important object on which many of these tools focus is the system's Jaco-
bian matrix. For instance, in a system of ordinary di�erenti al equations,
a steady state is stable if all eigenvalues of the corresponding Jacobian
have negative real parts.1 Local bifurcation points, at which the stabil-
ity properties of the steady state change, can be computed directly from
the Jacobian. The system's bifurcations{the corresponding changes in the
topology of the phase portrait{reveal many insights in the local and global
dynamical properties (s. below).

At present two di�erent approaches to the construction of th e Jacobian
are commonly used.2 One the one hand the Jacobian can be computed from
a conventional model, which describes the dynamics of the system with ex-
plicit functions, such as di�erential equations or discrete time maps. A
major disadvantage of such conventional mathematical modeling is that
necessarily many (often implicit) assumptions enter in theconstruction of
the model. This is because in order to formulate the model therelevant
processes have to be described in terms of explicit mathematical functions.
For most biological processes, however, the exact analytical form is not
known. Since data on functional forms is generally hard to obtain, the
functions that are used in practice are often based on microscopic, `atom-
istic' reasoning. However, in contrast to physics or chemistry, the processes
that determine the dynamics on the microscopic level in ecology are less
clear. A good example is Holling's disk equation3 which is frequently used
to describe predator-prey interactions. While this function incorporates
the fundamental mechanisms (e.g. predator saturation), itcannot possibly
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capture the full complexity of the interaction between predator and prey.
By using this equation in a given model one is implicitly assuming that
the model outcome does not depend critically on the choice ofthe speci�c
functional form. Unfortunately this assumption, that stru cturally di�er-
ent analytic forms may be used interchangeably, turns out tobe wrong: It
has been recently shown that minor corrections in the functional form of
the predator-prey interaction can have a strong impact on the long-term
dynamics of the system.4{6 Without further evidence it is therefore of-
ten questionable if the dynamics observed in a conventionalmodel actually
corresponds to the dynamics of the real world system or whether they are
artifacts introduced by the speci�c choice of the functions in the model.

Such uncertainties are avoided in the more abstract settingof random
matrix models,2 in which the Jacobian of a system is directly modeled
by random matrices drawn from a suitable distribution. Apar t from the
underlying assumption that the system is of such complexitythat the Jaco-
bian can be considered to be quasi-random, there is little need for further
assumptions. Moreover, random matrix models have the additional advan-
tage of enhanced computational speed, since the set-up of a random matrix
is in general much faster than the computation of the Jacobian of a conven-
tional model, which as a prerequisite involves the computation of steady
states. It is therefore feasible, by considering a large ensemble of random
matrices, to e�ectively sample the full range of possible dynamical behav-
iors of a given class of systems and obtain generic, unbiasedresults. But,
real world ecological systems do not always behave in a generic or unbiased
way. Physical, chemical and biological constraints can favor certain struc-
tures in the system, such as speci�c closure terms, scaling laws, variability
in link strength and so on. In order to yield credible results these factors
should ideally be re
ected in the class of matrices from which the random
sample is drawn. However, the same abstractness that lends random ma-
trix models their power, is gained at the cost of interpretability, so that
many properties that appear in real world systems are very di�cult to be
re
ected faithfully in random matrices.

In this chapter we review the approach of generalized modeling{an inter-
mediate modeling strategy, which combines the advantages of both conven-
tional and random matrix models. Generalized models are more abstract
than conventional models, but retain more interpretabilit y than random
matrix models. As in conventional models, generalized model allow to re-

ect speci�c features of real world systems in a straightforward way and
at the same time they rival the generality and e�ciency of ran dom matrix
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models.
We start in Sec. 2.2 by presenting the main underlying idea ofgen-

eralized models. The approach is illustrated at the exampleof a simple
predator-prey system in Sec. 2.3. Thereafter, in Sec. 2.4, we discuss the
treatment of two additional di�culties that typically aris e in the construc-
tion of more complex models, whereas in Sec. 2.5 we show how the method
can be extended to the modeling of spatially extended systems. While
these �rst sections illustrate the main techniques for the formulation of a
generalized model, the following sections are devoted to the analysis and
investigation of such models. We start in Sec. 2.6 with a local stability
analysis and the computation of bifurcations in small and intermediate
systems. In Sec. 2.7 we show, how certain insights into global dynamical
properties can be gained. Finally, in Sec. 2.8 we move on to larger systems
and present an investigation of a complex food web. We conclude the chap-
ter in Sec. 2.9 with a discussion of generalized modeling in relation to other
modeling approaches.

2.2. The basic idea of generalized models

The construction of a mathematical model typically encompasses a number
of profound di�culties and in a certain sense can be considered as a two-step
process. The �rst step involves the identi�cation of the sta te variables of the
system and the relevant processes which act on these variables. Together
these de�ne the structure of the model. Only in a second step, speci�c
functional forms are assigned to the individual processes.

While the formulation of a conventional model always involves these
two modeling steps, both are avoided in random matrix models. Now,
note that the second step requires much more information than the �rst.
While we generally have a pretty good idea who interacts withwhom in
an ecological system, the exact functional dependence of the interactions
is much harder to quantify. Therefore, the uncertainties of conventional
models (criticized above) mainly enter in the second modeling step. On the
other hand, the low interpretability of random matrix model s arises mainly
from the lack of knowledge about the structure of the system correspond-
ing to a given random matrix{it is therefore connected to the omission of
the �rst of the two modeling steps. We can say, that making the �rst step
(de�ning the structure of the system under consideration) gives us a high
gain in interpretability, while requiring only basic infor mation. The sec-
ond step (restricting the model to speci�c functional forms) improves the
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interpretability further, but at a much higher cost in requi red information.
Generalized models involve the �rst of the two modeling steps, but

avoid the second one. We thus end up with models which have a well
de�ned structure, but in which the processes are not restricted to speci�c
functional forms. For this reason generalized models have also been de-
noted asstructural kinetic models.7 As will be shown in the following from
generalized models Jacobian matrices can be constructed, which allow to
investigate the stability and bifurcations of the system under investigation
along the same lines that are usually applied in the analysisof conventional
and random matrix models. All uncertainties which are encountered in the
construction of the Jacobian can be captured by a few parameters, which
in general have an intuitive interpretation and can, at least in principle, be
observed and measured in nature.

2.3. Example: A general predator-prey system

Let us start by considering a general simple predator-prey system. We
assume that the state of the system is determined by two statevariables:
the prey density X and the predator density Y . The time evolution of the
system can be described by equations of the form

_X = S(X ) � G(X; Y );
_Y = �G (X; Y ) � M (Y);

(2.1)

whereS(X ) is the production rate of the prey, G(X; Y ) is the predation rate
and M (Y) is the mortality rate of the predator. The conversion e�cie ncy
of prey biomass into predator biomass is denoted by the constant factor
� . In the following, we do not restrict the functions S, G and M to any
speci�c analytical form. In this sense the Eq. (2.1) describes a speci�c
model structure but not a speci�c model.

In order to compute the corresponding Jacobian matrix we apply a
normalization procedure that has �rst been proposed in Ref.8. A recent,
more detailed discussion of the procedure is found in Ref. 9.As the only
mathematical assumption about the system, we require the existence of at
least one feasible (but, not necessarily stable) steady state (X � ; Y � ). This
enables us to de�ne the normalized variables

x :=
X
X � ; y :=

Y
Y � : (2.2)

and the normalized functions

s(x) :=
S(X )

S� ; g(x; y) :=
G(X; Y )

G� ; m(y) :=
M (Y )

M � ; (2.3)
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where asterisks indicate the steady state values. In terms of the normalized
variables and functions the system can be written as

_x = � x (s(x) � g(x; y))
_y = � y (g(x; y) � m(y)) ;

(2.4)

where we have introduced the constant factors

� x :=
S�

X � =
G�

X � � y :=
�G �

Y � =
M �

Y � : (2.5)

The fact that the equals signs on the right hand side of these de�nitions
hold, can be checked by considering Eq. (2.1) in the steady state.

In the normalized system the steady state under consideration is lo-
cated at (x � ; y� ) = (1 ; 1). Moreover, the processes in the model have been
normalized in such a way that s(1) = 1, g(1; 1) = 1 and m(1) = 1. If
the population densities and the rates of the processes in the steady state
are known from observation, then this normalization can be carried out
explicitly. Such data is often available since the steady state quantities are
often directly accessible to measurement.7 However, the true power of the
normalization procedure is revealed if information about the steady state is
not available{for instance because a whole class of similarsystems is con-
sidered which di�er in the location of their respective steady states. In this
case the normalization procedure can be used to map the unknown steady
state (X � ; Y � ) to the known location (x � ; y� ) = (1 ; 1). The price we have
to pay for this, is the introduction of the unknown constant f actors � x and
� y . Such factors that arise in the normalization of a generalized model are
called scale parameters9 and, in general, represent scales (in the broadest
sense) of the system.

From the way in which the factors � x and � y appear in Eq. (2.4) it
can be guessed that they denote inverse time scales. This canbe con�rmed
by considering Eq. (2.5): The scale parameter� x denotes the per-capita
growth and mortality rate of the prey, while � y denotes the per-capita
growth and mortality rates of the predator. We can therefore say that � x

and � y are respectively the inverse of the life expectancies of predator and
prey individuals in the steady state under consideration.

We can now compute the Jacobian in the normalized system. This
yields

J =
�

� x (sx � gx ) � � x gy

� y gx � y (gy � my )

�
; (2.6)
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where we have used roman indices to indicate partial derivatives in the
steady state, for instance

gx :=
@

@x
g(x; y)

�
�
�
�
x = y=1

: (2.7)

These derivatives are calledexponent parameters.9 Like the scale param-
eters the exponent parameters have clear ecological interpretations and in
general describe the degree of nonlinearity or saturation of the correspond-
ing function at the steady state. In order to illustrate these, it is useful to
consider the e�ect of the normalization on some speci�c functions. Take
for instance the parametersx = @

@xs(x)jx =1 , which describes the saturation
of the prey productivity at equilibrium. If the production r ate was a linear
function S(X ) = AX (with arbitrary A > 0) then the normalized function
would be s(x) = x and the exponent parameter would besx = 1. We can
expect that such a linear dependence appears only in systemsin which the
production is not limited by factors other than the number of producers.
By contrast, if there is, say, a strong nutrient limitation t he production rate
could be independent of the density of producers. In this case the corre-
sponding parameter would besx = 0. More generally, a relationship of the
form AX � corresponds to the exponent parametersx = � , hence the name.
In a generalized model we do not restrictS(X ) to any speci�c functional
form. Even for functions that are not simple mononomials, the value of
sx is usually in the range between 0 and 1 and indicates the availability of
limiting resources. Larger values (sx > 1) can appear if the reproduction
rises faster than linearly with the population density, for instance because of
cooperative e�ects. Negative values are only possible if loss terms, such as
out
ow from a chemostat are included in S(X ) or the production decreases
with increasing producer density.

The other exponent parameters can be interpreted in a similar way. In
order to gain some intuition here we discuss these parameters brie
y (a
much more detailed description is given in Ref. 10). The parameter gx in-
dicates the predator's sensitivity to prey density, which is an indicator of
predation pressure. If prey is scarce the predation rate is in many systems
known to increase almost linearly with the prey density andgx � 1. How-
ever if prey is abundant, predator saturation sets in andgx approaches 0
as the predation rate becomes almost independent of the preydensity. In a
similar way the parameter gy indicates the cooperation between predators.
In most models the predation rate is assumed to increase linearly with the
predator density, which corresponds togy = 1. By contrast gy � 0 indi-
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cates a very strong interference between predators, whilegy = 2 indicates
a strong cooperation. Finally the parametermy describes the nonlinearity
of the mortality rate. This parameter equals one if the mortality is density
independent, but can be higher (in general up to 2) for density dependent
closure.

Let us recapitulate what has been achieved. By means of the above nor-
malization procedure we have been able to arrive at a parametric represen-
tation of the Jacobian matrix of the general predator-prey system Eq. (2.1)
without any restrictions on the analytic functional forms o f the model. Each
element of the Jacobian is fully speci�ed in terms of six well-de�ned param-
eters, two scale parameters� x , � y and four exponent parameterssx , gy ,
gy , my , all of which have a clear ecological interpretation and areamenable
to direct observation or measurement. In the following, these parameters
are treated as free parameters, de�ning the ecologically admissible \pa-
rameter space" of the predator-prey system. Once this representation of
the Jacobian is obtained, it allows to give a detailed statistical account of
the dynamical capabilities of the system, including the stability of steady
states, the possibility of sustained oscillations, as wellas the existence of
quasiperiodic or chaotic regimes. We want to stress that in this approach
there is no approximation involved. This means that the reconstructed Ja-
cobian represents the exact Jacobian of the general system for every feasible
steady state and at each possible point in parameter space.

The applicability of this procedure is not limited to the sim ple example
considered here. In general, essentially the same normalization procedure
can be applied to a wide variety of models. In the past the procedure
has been successfully applied to food chains,5,8,10,11 food webs,9,10 coupled
lasers,9 metabolic networks7 and a model of dynastic cycles in Chinese
history.9

2.4. Additional di�culties in complex models

For the purpose of illustration, in the previous section a very simple example
of a generalized model was discussed. Although our analysisdid not rely
heavily on this simplicity, there are two additional di�cul ties that can arise
if more complex models are studied. The �rst of which is related to the
increased number of terms in the equations, while the secondarises if the
terms themselves become more complex.

In Eq. (2.5) we have used the fact that the right hand side of both
equations contained only two terms. Because of this the constant factor
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that appeared in the normalization of a single line (e.g. � x ) had to be
identical. In more complicated models there are generally more than two
terms on the right hand side of the equations of motion. For instance, one
can imagine that the time evolution of a population density Y is described
by general equations of the form

_Y = Gy (X; Y ) � Gz (Y; Z) � M (Y ); (2.8)

whereGy denotes the predation by populationY on a population X , while
Gz describes the predation of a third population Z on Y. In the notation
introduced above the normalization of this equation yields

_y =
Gy

�

Y � gy (x; y) �
Gz

�

Y � gz (y; z) �
M �

Y � m(y): (2.9)

Independently of the number of terms in the equation, the sumof all loss
terms has to equal the sum of all gain terms in the steady state. By
considering Eq. (2.9) in the steady state one can therefore con�rm

G�
y

Y � =
G�

z

Y � +
M �

Y � =: � y : (2.10)

As in the previous example the parameter� y denotes the inverse of the
life expectancy of individuals of population Y. In order to substitute all
constant factors in the normalized equation, an additionalscale parameter
has to be de�ned. Since we already know that the loss terms have to add
up to � y , we can de�ne the additional parameter in such a way that it
denotes therelative contribution of one of the loss terms to this sum. For
instance the parameter

� y =
1

� y

G�
z

Y � (2.11)

denotes the fraction of the population Y that will (in the steady state)
eventually be consumed by the predatorZ . The complementary parameter

~� y = 1 � � y =
1

� y

M �

Y � (2.12)

denotes the fraction of the population that will eventually die because of
natural mortality. In terms of these scale parameters Eq. (2.9) can be
written as

_y = � y [gy (x; y) � � y gz (y; z) � ~� y m(y)]: (2.13)

In this example we have managed to �nd interpretable scale parameters
by introducing one parameter that denotes the scale of the total turnover,
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� y , and subsequently measuring the relative contributions tothis turnover.
Even in much more complicated models this procedure generally succeeds
to reveal easily interpretable scale parameters.9 In some cases it can be
useful to introduce multiple levels of grouping. Suppose for instance that
the equation of motion contained multiple loss terms that arise from the
predation by di�erent predators. In this case we could use one scale pa-
rameter � y to denote the total turnover, then another scale parameter� y

to denote the relative contribution of the sum of all predation terms to
the total turnover and �nally a third parameter 
 y;i to denote the relative
contribution of the predation by a certain predator i to � y .

The second di�culty, that can arise in the construction of a g eneralized
model, is that the individual terms in the model can be conceptually more
complicated. Let us illustrate this situation by the well st udied example of
predation on multiple prey populations.12 In comparison to a single prey
population, this situation is for two reasons more complicated. First, we
know that some relations between the losses of the prey and the gain of
the predator exist. While these relations should be re
ected in the model,
the losses of either prey are no longer directly proportional to the total
gain of the predator. Second, some derivatives can arise which do not have
a direct intuitive interpretation. For example it is not alw ays intuitively
clear how the loss rate of one prey population responds to a variation in the
population density of the other. Both of these problems can be solved by
including some additional mechanistic reasoning, which enters the model
in the form of auxiliary variables and equations.

Let us denote the two prey populations by X and Y and the predator
population by Z . We use the function G(X; Y; Z ) to describe the gain of
the predator by predation and the functions L x (X; Y; Z ) and L y (X; Y; Z )
to describe the predative losses of the prey populations. Inaddition we
introduce the auxiliary variable P which denotes the total amount of prey
that is perceived by the predator Z . Let us assume thatP can be written
as a sum

P(X; Y ) = Cx (X ) + Cy (Y ); (2.14)

whereCx and Cy are general positive functions that describe the contribu-
tion of the populations X and Y depending on the respective population
sizes. While it is in many cases reasonable to assume that these functions
are linear, they can be nonlinear if, for instance, the predators can improve
the success rate of attacks with practice.12 We can normalize auxiliary
equations, like Eq. (2.14), by applying the same normalization procedure
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that we have used for the di�erential equations. In the notat ion introduced
above the normalized auxiliary equation reads as

p(x; y) =
C �

x

P � cx (x) +
C �

y

P � cy (y); (2.15)

We identify the constant factor � = Cx
� =P� as a scale parameter which

denotes the relative contribution of population X to the total amount of
available prey, while the complementary variable ~� = 1 � � = C �

y =P� denotes
the fraction contributed by population Y . This allows us to write the
normalized amount of available prey as

p(x; y) = �c x (x) + ~�c y (y): (2.16)

Let us now investigate how the losses of populationX relate to the
gain of Z (the losses ofY are completely analogous and hence will not be
treated separately). Since populationX contributes a fraction Cx =P to the
available amount of prey, it can be assumed that it contributes the same
fraction to the captured amount of prey. From this we deduce the form of
the corresponding loss rate as

L x (X; Y; Z ) =
Cx (X )

P(X; Y )
G(P; Z): (2.17)

The normalization of this equation yields

lx (x; y; z) =
C �

x cx (x)
P � p(x; y)

G� g(p; z)
L �

x
=

c(x)
p(x; y)

g(p; z): (2.18)

Thus, by introducing the auxiliary variable P we have managed to de-
termine the relation between the predative losses of the prey populations
and the gain of the predator. However, the main advantage lies in the fact
that the derivatives of the auxiliary variables with respect to the normalized
state variables have a much more direct interpretations. In the Jacobian
all terms relating to predation can be expressed as exponentparameters by
the following derivatives

@
@p

g(p; z)

�
�
�
�
�

=: gp
@
@z

g(p; z)

�
�
�
�
�

=: gz

@
@x

cx (x)

�
�
�
�
�

=: cx; x
@
@y

cy (y)

�
�
�
�
�

=: cy; y :

(2.19)

Here, the exponent parametergp describes the nonlinearity of the pre-
dation rate with respect to prey density, while gz describes its dependence
on the predator density. These two parameters are completely analogous to
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the parametersgx and gy that have been introduced in the previous section
to describe the predator-prey system with a single prey population. The
ability to describe structurally di�erent systems with dir ectly comparable
parameters is one of the advantages of generalized modeling. The two new
parameterscx and cy describe the nonlinearity of the contributions of the
two prey populations to the total amount of prey. For example the case
of passive prey switching corresponds tocx; x = cy; y = 1 while active prey
switching can lead to larger values.

This example of predation on multiple prey populations illustrates that
additional constraints can be taken into account in generalized models by
including auxiliary equations. The introduction of such auxiliary equations
is often useful since it makes room for additional theoretical reasoning,
which can greatly enhance the interpretability of a given model without
introducing too many new assumptions.

2.5. A generalized spatial model

The investigation of generalized models proposed here is not limited to mod-
els that are formulated in the language of ordinary di�erential equations,
but can be extended for example also to systems of partial di�erential equa-
tions (PDEs). In ecology PDEs are frequently used to describe ecological
populations in physical space. The underlying assumption in these models
is that, at a certain scale, the evolution of population densities is captured
by a di�usion equation. It is well known that in reaction-di� usion systems
instabilities with respect to spatially inhomogeneous perturbations with a
certain wavenumber k can exist.13 The corresponding qualitative transi-
tion in the phase portrait of the system is known as Turing bifurcation
and wave instabilities. Beyond a Turing bifurcation spatially inhomo-
geneous patterns form spontaneously from an initially homogenous state.
This transition has been extensively studied in conventional models.14{18

More recently it has been discovered as the driving force of pattern forma-
tion in certain ecological systems.19{21

To illustrate these ideas, we consider a system of partial di�erential
equations (PDEs) that was recently studied in Ref. 22, in which the simple
predator-prey system Eq. (2.1) is extended to a spatial system. Thus we
describe the dynamicsin one point of physical spaceby the equations

_X = S(X ) � G(X; Y ) + D x � X;
_Y = �G (X; Y ) � M (Y) + D y � Y;

(2.20)
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where � denotes the Laplace operator, and D x and D y are di�usion, or
dispersal , constants.

At �rst glance it seems that our analysis of the generalized model is
complicated by di�usion. The di�usion term is neither a pure gain nor a
pure loss term, but a mix of both. In particular, in a homogenous equilib-
rium it vanishes. This means that the normalization procedure described
above cannot be applied to the di�usion term. However, recall that the
main purpose of the normalization was to map unknown rates ofthe pro-
cesses in the steady state to a known position. Since we know that the
di�usion term vanishes in a homogeneous state, we can consider this case
without normalizing the di�usion term. Moreover, the vanis hing di�usion
term does not interfere with the normalization of the other states in the
model. We therefore obtain the normalized equations

_x = � x (s(x) � g(x; y)) + D x � x
_y = � y (g(x; y) � m(y)) + D y � y;

(2.21)

whereD x and D y now act as scale parameters describing the di�usion.22 In
order to investigate the stability of this system one considers the Jacobian
with respect to perturbations with a wavenumber k which is given by22

J =
�

� x (sx � gx ) � D x k2 � � x gy

� y gx � y (gy � my ) � D y k2

�
: (2.22)

Note, that for homogenous perturbations (k = 0) this Jacobian is identical
to the one of the well-mixed system given in Eq. (2.6).

2.6. Local stability in small and intermediate models

In the previous sections the formulation and normalization of generalized
models has been discussed. In the following we will be concerned with some
ways in which information can be extracted from the resulting models. The
Jacobian matrices computed from generalized models are in general simple
in the sense that they do not contain complicated terms that usually arise
in conventional models from the computation of steady states. In systems
of small (dimension N � 4) or intermediate (N � 10) size, it is therefore
often possible to compute the local bifurcations analytically.

In systems of ODEs local bifurcations of steady states occurif the vari-
ation of a parameter causes the real part of one or more eigenvalues of
the Jacobian to change sign.1 Eigenvalues generally either cross the imag-
inary axis as a pair of two complex conjugate eigenvalues, orpass through
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the origin of the complex plane as a single real eigenvalue. The �rst case
corresponds to a Hopf bifurcation which, at least transiently, gives rise
to oscillations as the stability of the steady state is lost. The latter case
corresponds to bifurcations of saddle-node type (e.g. fold, transcritical or
pitchfork bifurcations) in which the number and/or stabili ty of steady states
changes. It is interesting to note that the direct computation of both of
these types of bifurcations is in general less di�cult than the computation
of the eigenvalues themselves or the computation of steady states in a con-
ventional model. The computation of eigenvalues involves the factorization
of a polynomial of degreeN which analytically is in general only possible
for N � 4. By contrast, a test function that describes the local bifurca-
tion points can always be constructed. The determinant of the Jacobian
is a convenient test function that vanishes in (and in general only in) bi-
furcation points of saddle-node type. By applying slightly more involved
techniques analogous test functions for the computation ofHopf bifurca-
tions can be constructed.8,23,24 While these techniques can in principle be
applied in systems of any size, the resulting expressions become too long to
handle analytically in large systems (N > 10).

In small and intermediate systems the analytical computation of local
bifurcations of steady states is a very e�cient tool for the i nvestigation of
generalized models. For instance in the predator-prey model proposed in
Sec. 2.3 we �nd bifurcation points of saddle-node type at

gx =
sx (my � gy )

my
(2.23)

and Hopf bifurcation points at

gx = sx �
� y (my � gy )

� x
for gx >

sx (my � gy )
my

: (2.24)

In order to �nd the Turing bifurcation points one formulates a condition for
the existence of a positive eigenvalue and then considers the wavenumber
for which this condition is �rst satis�ed. This calculation is shown in detail
in Ref. 22. As a result we �nd that the Turing bifurcation poin ts are located
at

gx =
r
d

 
p

gy �

r

my +
d
r

sx

! 2

for sx + r (gy � my ) � gx �
r
d

(gy � my );

(2.25)
where d = D y =Dx and r = � y =� x .
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Fig. 2.1. Three-parameter bifurcation diagrams of general ized predator-prey systems.
Left: the ODE model from Eq. (2.1), right: the spatial PDE mod el from Eq. (2.20). The
bifurcation surfaces are shown in dependence on the prey sen sitivity gx , the timescale
separation r = � y =� x and the exponent of closure my . In both diagrams the steady
state under consideration is stable in the top-most volume o f parameter space. If gx is
decreased destabilization occurs in a Hopf bifurcation (re d surface) or in a bifurcation of
saddle-node type (blue surface) or{in the spatial model{in a Turing bifurcation (green
surface). On the lines, on which two surfaces meet, codimens ion-2 bifurcation points are
located. Other parameters: sx = 0 :5, gy = 1 and d = 30.

These results are visualized in a three-parameter bifurcation diagram
shown in Fig. 2.1, where we have assumed intermediate nutrient availability
sx = 0 :5 and the absence of intraspeci�c competition between predators
gy = 1. In the three dimensional parameter space the bifurcation points of
Hopf and saddle-node type form surfaces, which divide the parameter space
into regions of qualitatively di�erent long-term dynamics . The normalized
steady state is stable in the topmost volume of the parameterspace. As
the prey sensitivity is lowered the steady state loses its stability as a Hopf
bifurcation point (red surface), a bifurcation point of saddle-node type (blue
surface) or the Turing bifurcation (green surface) is encountered.

In small and intermediate systems one can obtain a good impression
of the full local bifurcation structure of the system by considering several
of such three-parameter bifurcation diagrams with di�erent axes. If an-
alytical expressions for the bifurcation surfaces are available, then these
diagrams can be generated without much e�ort. By visual inspection of
the bifurcation diagrams one can usually tell the way in which the individ-
ual parameters e�ect the dynamics of the system. Once such anintuition
is gained it can be veri�ed mathematically. For instance, in the case of
our general predator-prey system the sensitivity of the predator gx has a
strong stabilizing e�ect. By increasing the value of gx one can always sta-
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bilize, but never destabilize a steady state. Furthermore,sincemy > g y in
almost all systems, Eq. (2.24) shows that the critical valueof gx at which
the Hopf bifurcation occurs decreases asr = � y =� x is increased. This re-
sult is counter-intuitive since it implies that oscillatio ns are less likely if the
timescale separation indextimescale!separation betweenpredator and prey
is small.

In Ref. 22 a similar way of reasoning was used to identify the conditions
under which the spontaneous formation of spatial and spatio-temporal pat-
terns in predator-prey systems is likely. In particular it w as shown that high
nutrient supply, low competition for nutrients among prey, high abundance
of prey and predators, strong intraspeci�c competition in t he predator pop-
ulation and density dependent predator mortality promote t he spontaneous
pattern formation. Since all of these are typically found in enriched sys-
tems, these results indicate that anthropogenic eutrophication could lead
to the formation of spatial or spatio-temporal patterns in natural predator-
prey systems. A similar conclusion was reached in Ref. 25 based on the
investigation of a conventional model.

Another interesting e�ect connected to eutrophication is t he so-called
paradox of enrichment. This paradox revolves around the observation that
many ecological systems can be destabilized by increasing the supply of nu-
trients or prey.26,27 While this was initially felt to be counter-intuitive, the
e�ect is now well understood. From a modern perspective the true para-
dox lies in the fact that many ecological systems observed inexperiments
are stabilized by an increase of nutrients or prey while almost all models
predict a destabilization.28{30 In the past several solutions to this paradox
have been pointed out,30{33 among them is the formation of spatio-temporal
patterns mentioned above.25

Our work on generalized models suggests a di�erent solution: The
purely destabilizing e�ect of enrichment that is observed in many mod-
els may be an artifact, that is produced because of the speci�c functional
forms that are usually employed in modeling.5 Let us focus on the func-
tional responseG(X; Y ) and the corresponding parametergx . We have
already discovered that high values ofgx have a stabilizing e�ect on the
system. We can now go back and ask howgx changes with prey density
depending on the speci�c functional form that is used forG(X; Y ).

In conventional models the question, how the choice of one speci�c func-
tional form a�ects the stability of the system is di�cult to s tudy. Any vari-
ation of a function will in general cause a variation of the steady state and
will therefore a�ect all other processes in the model as well. Hence, one can
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Fig. 2.2. Comparison of two speci�c functional forms of pred ator-prey interaction. Left:
the predation rate G as a function of the prey density X for a Holling type-II functional
response (Eq. 2.26, dashed line) and an adaptive functional response (Eq. 2.29, solid
line). Right: the corresponding stability of the predator- prey system, measured in terms
of the prey sensitivity gx . The small di�erences in the functional form have a large
impact on the stability.

not distinguish whether an observed change in stability wascaused by the
variation of the functional form or by the resulting shift of the steady state
under consideration. By contrast, in generalized models the stabilizing or
destabilizing e�ect is captured by a single parameter. Computing this pa-
rameter for a speci�c functional form used in conventional models provides
us with a way to measure the impact of the choice of a speci�c function on
the system's stability.

In many conventional models the predation rate is describedby the
Holling type-II functional response

G(X; Y ) =
AXY

X + K
; (2.26)

whereA and K are constant parameters of the speci�c model, which denote
the maximum predation rate and the prey density at the half saturation
point, respectively. By explicit application of the normal ization procedure
described above, we �nd that the relative saturation is given by the corre-
sponding exponent parameter

gx =
1

1 + �
; (2.27)

where � = X � =K . As we increase the steady state density of prey, the prey
sensitivity gx decreases. Therefore an increase of prey density has alwaysa
destabilizing e�ect on the predator-prey interaction, if t he Holling type-II
functional response is used to describe this interaction. This statement is
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precisely the formulation of the paradox of enrichment in the generalized
framework.

We now ask if there is a realistic functionG(X; Y ) for which an increase
in the prey density can promote stability. In other words, we ask which
biological details of the predator-prey interaction have to be taken into
account in order to derive a function G(X; Y ) for which the corresponding
prey sensitivity satis�es

@
@X� gx (X � ) > 0: (2.28)

As shown in Ref. 5, one solution is given by adaptive changes in the pre-
dation strategy. The adaptive switching between a Holling type-II and a
Holling type-III strategy can be described by the function

G(X; Y ) =
G2 (X )
G3 (X ) G2(X ) + G3 (X )

G2 (X ) G3(X )
G2 (X )
G3 (X ) + G3 (X )

G2 (X )

Y (2.29)

whereG2(X ) = AX= (X + K ) is a type-II functional response andG3(X ) =
AX 2=(K 2 + X 2) is a type-III functional response.3,10 In Fig. 2.2 this func-
tion is compared to the standard type-II functional response. Because of the
similar shape, and given the error by which by the predation rate of real or-
ganism is measured, the two functional responses would be very di�cult to
distinguish in experiments. Nevertheless, the corresponding predator sen-
sitivities gx exhibit strong qualitative di�erences. In contrast to the t ype-II
response the adaptive functional response has a large parameter range in
which gx (and therefore also the stability) increases with increasing prey
density.

While the example of the adaptive response function o�ers a solution to
the paradox of enrichment it is also a cause of concern. In theexample two
functional response curves, that were indistinguishable for all practical pur-
poses, gave rise to qualitatively and quantitatively di�er ent results. This
shows that small biological details that may be di�cult to sp ot in obser-
vational data can have a profound impact on the dynamics of the system.
Models in which these details are neglected may therefore fail to predict the
dynamics of the system correctly. This concern was also recently expressed
in Ref. 6, based on the investigation of conventional models. Generalized
models o�er a solution to this problem. As we have shown for the previous
example, generalized models can be used to assess the impactof certain
biological details on the stability. They can therefore identify classes of
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e�ects that can potentially have a strong impact on stabilit y and should be
taken into account in conventional models.

2.7. Some results on global dynamics

A central limitation of generalized models is that we cannotconsider global
dynamics explicitly. Since our conclusions are based on theJacobian in
the steady state they necessarily arise from a local analysis. However, this
local analysis sometimes can reveal insights in certain global dynamical
properties of the system.

In order to extract global information from a local analysis we focus
on the bifurcations of higher codimension. A detailed discussion of these
bifurcations is presented in Refs. 1,34. In the previous sections we have
studied bifurcations of Hopf and saddle-node type, which are of codimension
one. As we have already seen, the corresponding bifurcationpoints form
hypersurfaces in the parameter space. Bifurcation points of codimension
two appear on hyperlines in which dynamical properties of the codimension-
1 bifurcations change. This is for instance the case in the points where two
codimension-1 bifurcation surfaces coincide.

One example of a codimension-2 bifurcation can be seen in thebifur-
cation diagram of the predator-prey system shown in Fig. 2.1. In this
system there is a line in which the Hopf bifurcation surface ends as it
meets the bifurcation surface of saddle-node type. This line is formed by
codimension-2 Takens-Bogdanov bifurcation points. A detailed mathe-
matical investigation of Takens-Bogdanov bifurcation points34 shows that
this bifurcation gives also rise to a global homoclinic bifurcation. Close
to this bifurcation systems often show excitable behavior. For ecological
applications that means that small perturbations can result in large pop-
ulation outbreaks or crashes. As another example, in the spatial (PDE)
version of the predator-prey system, the Turing bifurcation surface ends in
a Turing-Hopf bifurcation line, as it reaches the Hopf bifurcation surface.
The presence of a Turing-Hopf bifurcation in general indicates the presence
of spatio-temporal patterns close to the bifurcation point.

An interesting codimesion-2 bifurcation is the double Hopfbifurcation
in which two Hopf bifurcation surfaces intersect. An example of this bifur-
cation is presented in the three-parameter bifurcation diagram of the �ve-
trophic food chain in Fig. 2.3. Although several forms of this bifurcation
exist, we can say that double Hopf bifurcations give rise to quasiperiodic
motion on tori, which generically decay to form strange invariant sets.34
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Fig. 2.3. Bifurcation diagram of a �ve-trophic food chain. T he timescale separation
between each predator-prey pair is assumed to be r . Likewise we assume that the prey
sensitivity of all predators is gx . The parameter sx denotes the nutrient availability for
the primary producer. The system is stable in the topmost vol ume of the parameter
space. The stability is lot by crossing either of two Hopf bif urcations (red, green). The
blue surface corresponds to bifurcation points of saddle-n ode type. At the intersection
line of the two Hopf bifurcation surfaces, a double Hopf bifu rcation line is formed, which
indicates the presence of complex dynamics.

Therefore the presence of a double Hopf bifurcation indicates that chaotic
dynamics do generically exist in some parameter space closeto the bifur-
cation.

Note, that the computation of higher codimension bifurcations in gen-
eralized models does not only show that certain types of global dynamics
generically exist in a large class of systems, but also provides a starting
point for the search for this type of dynamics in conventional models. The
question whether complex dynamics are possible is of interest in many sys-
tems. In ecology there was a long debate whether ecological systems can be
chaotic. Although ecological models were among the �rst examples of de-
terministic chaos,35 it was often argued that chaos should disappear when
more ecological details are taken into account.36,37 By application of gen-
eralized models it has been shown that double Hopf bifurcations generally
exist in food chains with more than three trophic levels.11 Therefore,
long food chainsgenerically contain chaotic parameter regions. In a later
work this result was extended to large classes of food webs.10 Again, let us
emphasize that these results hold regardless of the speci�cbiological details
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that are taken into account.
In principle even more information could be extracted from the compu-

tation of local bifurcations if the corresponding normal form parameters
were computed along with the bifurcation points.1,34 For instance the com-
putation of normal form parameters would allow us to distinguish between
the supercritical Hopf bifurcation, from which a stable lim it cycle emerges
and the subcritical Hopf bifurcation in which an unstable li mit cycle van-
ishes. In contrast to the Jacobian, which is essentially a linearization of the
processes in the steady state, the normal form parameters contain some in-
formation about higher derivatives. In principle these derivatives could be
computed from the normalized equations in the same way as theJacobian.
However, this would lead to the introduction of a new type of exponent
parameters, which contains multiple derivatives. Whether an intuitive in-
terpretation for this new type of parameters can be found remains to be
seen.

2.8. Numerical investigation of complex networks

In the previous sections we have analyzed generalized models with the same
tools that are usually applied to conventional models. In the following we
will use our generalized models in the spirit of random matrix models, which
is a convenient approach to investigate larger models and complex food-
webs. In other chapters of this book the importance of complex networks
in nature is pointed out. Complex networks appear in food webs, genetic
and metabolic networks, metapopulations, contact graphs,and many other
forms. In order to formulate a generalized model of a complexnetwork we
exploit the fact that the nodes in a given network are generally similar. For
example a general food web was studied in Ref. 9. In this food web every
node is a population. Although the nodes are of course di�erent{some are
producers while others are consumers, some are specialistswhile others are
generalists{the dynamics of every population densityX n can be described
by an equation of the type

_X n = Sn (X n ) + � n Gn (X 1; : : : ; X N ) � M n (X n ) �
NX

m =1

L m;n (X 1; : : : ; X N );

(2.30)
where the function Sn describes the production of biomass by populationn
and Gn describes predation of populationn on others. The constant factor
� n denotes again the e�ciency of biomass conversion . Losses occur because
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of natural mortality M n and because of predation by othersL m;n . Some of
these functions can vanish for certain populations, e.g., for consumers the
production term vanishes.

The normalization of Eq. (2.30) is shown in detail in Ref. 9. It follows
exactly the same procedure that we have applied to normalizethe simple
models considered above. In the course of the normalizationwe identify the
scale parameters:� n which denotes the characteristic timescale of popula-
tion n, � n which describes which fraction of the total grows ofn is gained
by predation, e.g., 1 for consumers and 0 for producers,� n which denotes
the fraction of the losses that occurs because of predation by others, � m;n

which denotes the contribution of population n to the total amount of prey
available to speciesm, and � m;n which denotes the fraction of predative
losses of populationn, that is caused by population m, as well as the com-
plementary parameters ~� n , ~� n .

We �nd that the non-diagonal elements of the Jacobian can be written
as

Jn;i = � n (� n � n;i gx;n ci ;n � � n (� i;n gy ;;i +
NX

m =1

� m;n ci ;m (gx;m � 1)� m;i ))

(2.31)
and the diagonal elements as

J i;i = � i ( ~� i sx;i + � i (� i;i gx;i ci ;i + gy ;i )
� ~� i my ;i � � i (� i;i gy ;i +

P N
m =1 � m;i ci ;m ((gx;m � 1)� m;i + 1)))

(2.32)
wheregx;n , gy ;n , sx;n and my ;n denote the prey sensitivity, the intraspeci�c
cooperation, the nutrient availability and the mortality e xponent for species
n in complete analogy to the exponent parameters de�ned in Sec. 2.3. The
exponent parameter ci ;n denotes the switching behavior of populationn
with respect to the prey population i . This parameter is analogous to the
parameterscx;x and cy ;y de�ned in Sec. 2.4.

The Eqs. (2.31) and (2.32) allow us to generate the Jacobian for an
arbitrary generalized food web model from a set of scale and exponent pa-
rameters. In contrast, to the small and intermediate systems, that we have
considered so far, most realistic networks often contain hundreds or thou-
sands of variables. Therefore, the analytical computationof bifurcations
that we have employed until now is clearly not feasible in most realistic
networks. Moreover, even a large number of three-parameterbifurcation
diagrams with di�erent axes, would probably fail to convey an intuitive
picture of the huge parameter space of a complex network. Therefore the
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Fig. 2.4. Fraction of stable systems in a sample of 10 6 four-trophic sixteen-species food
webs (s. text) depending on the average prey sensitivity gx in the webs. The fraction of
stable food webs increases with increasing prey sensitivit y. This shows that high prey
sensitivity has a stabilizing e�ect on complex food webs.

focus of our analysis has to shift from the analytical computation of bifur-
cations towards the numerical computation of eigenvalues.In other words
we study the generalized models in the same ways one would usually em-
ploy to study a random matrix model. However, in contrast to real random
matrix models we have the ability to �x certain aspects of the structure
under consideration.

In the previous sections we have started the analysis of generalized
models by noting that high prey sensitivity gx has a stabilizing e�ect on
predator-prey systems. Let us now investigate whether thisinsight also
holds in complex food webs. For this purpose we consider a four-trophic
sixteen species food web, with four species on every trophiclevel. All species
on level 1 are primary producers while all other species are predators (� i = 0
for i = 1 : : : 4 and � i = 1 for i = 5 : : : 16). In order to account for the allo-
metric scaling of the characteristic timescales we set� i = 0 :3Lvl( i ) � 1, where
Lvl denotes the trophic level of speciesi . For every species there is a 50%
chance that the species feeds on a given species on a lower trophic level.
Only those food webs are taken into account in which the predators feed at
least on one species. We assume that all prey species of a given predator
contribute equal amounts to the total prey accessible to thepredator. Like-
wise we assume that all species that prey upon a given speciescause equal
losses. Non-predative mortality terms are ignored for all species except top
predators (� i = 0 for i = 1 : : : 12 and � i = 1 for i = 13 : : : 16). We focus on
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the case of passive switching (ci; i = 1), intermediate nutrient availability
(si; i = 0 :5) and linear top predator mortality ( m i; i = 1).

Using the settings described above, we have created a sampleof 106

food webs with random topology and random prey sensitivities gx;i 2 (0; 1)
for all predators. For each food web the eigenvalues of the Jacobian and the
average prey sensitivity gx =

P 16
i =5 gx;i =12 was computed. Fig. 2.4 shows

the fraction of stable food webs (identi�ed by the existenceof a negative
largest eigenvalue) that were obtained in this way, depending on gx . As
revealed in Fig. 2.4 the chance of randomly generating a stable food web
increases almost linearly withgx . This con�rms our notion that high prey
sensitivity has a stabilizing e�ect on food webs.

While this result on the prey sensitivity is hardly surprisi ng, it shows
that generalized models can be used to investigate the e�ectof certain food
web properties on the stability. In a similar way one can investigate other
network characteristics, such as the e�ect of weak links, heterotrophy or
prey switching, to name some examples. These investigations are currently
in progress.

2.9. Discussion

In this chapter we have reviewed and extended the approach ofgeneral-
ized structural kinetic modeling. While generalized modeling is in many
ways similar to conventional and random matrix approaches,it should be
considered as an independent intermediate method.

Compared to either conventional or random matrix models generalized
models have certain drawbacks. In comparison to conventional models,
probably the most severe limitation of generalized models is that they can-
not be studied by explicit simulation. Therefore, there is no way to compute
the number or location of steady states based on a generalized model alone.
Moreover, there is presently no way to directly investigatenon-stationary
dynamics in a generalized model. However, these drawbacks are compen-
sated by the advantages that generalized models have to o�er. By focusing
on a general steady state we obtain bifurcation diagrams that describe ev-
ery feasible steady state. The inability to study complex dynamics directly,
is in part compensated by the information on global dynamicsthat can be
drawn from certain bifurcations of higher codimension. It is true that more
insights can be gained from the extensive study of a conventional model.
However, the (admittedly limited) insights on global dynamics that can be
extracted from a generalized model, at once apply to a large class of sys-
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tems. Moreover, let us emphasize that these insights can often be gained in
minutes, while the numerical techniques that are commonly applied in con-
ventional models (say, the computation of Lyapunov exponents) are often
much more time consuming.

In comparison to random matrix models, generalized models are
(slightly) less e�cient, since they generally describe the system with more
parameters. However, by introducing these extra parameters generalized
models can capture the structure of the system. In doing so, they provide
us with an intuitive interpretation and thus enables us to make more use of
the information that is available. For instance we can directly and straight-
forwardly incorporate information, such as mass conservation,7 location of
steady states,7 explicitly known functions for some processes,9 speci�c net-
work topology10 or allometric scaling relations (s. Sec. 2.8). Taking this
information into account �xes many parameters and thus reduces the num-
ber of free parameters, while at the same time increasing thecredibility of
the model.

One other remarkable characteristics of generalized models is the role
that is played by the parameters of the model. Note, that in contrast to
both conventional and random matrix models the parameters in general-
ized models are not introduced arbitrarily by the modeler but actually are
identi�ed in the modeling process by following certain guidelines. These
guidelines in general ensure that the models depend onbona �de param-
eters that have clear interpretations. They can (and should) therefore be
treated like parameters that are used in a conventional model.

It is tempting to argue that the parameters in generalized models de-
scribe the system with an intermediate degree of abstractness, located be-
tween the often very concrete parameters used in conventional models and
the often necessarily abstract parameters of random matrixmodels. While
this is certainly correct, we claim that, in a certain sense,the parameters
used in generalized models are even more concrete than the parameters in
conventional models. Note, that all parameters of the generalized model
are de�ned in the steady state under consideration. They cantherefore be
observed directly in a system studied in nature. By contrast, the param-
eters that are used in conventional models are often de�ned in unnatural
states. Consider for instance the maximum predation rate that appears as
a parameter in the Holling type-II functional response. This parameter can
generally not be measured in a natural ecosystem, but requires laboratory
experiments in which the organism is exposed to unnaturallyhigh prey
densities. Data from such experiments is only meaningful ifthe underlying
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implicit assumption{the speci�c functional form of the res ponse{is true.
This assumption is often questionable since additional e�ects, e.g., confu-
sion of the predator, can arise. If such e�ects exist the parameter may in
a given system be fundamentally inaccessible to direct measurement. For
this reason the speci�c parameters of conventional models can in e�ect be
less well de�ned than the parameters of generalized models,which are in
principle always accessible to measurement.

In summary, we have presented the method of generalized modeling,
which provides a powerful technique for the analysis of ecological and gen-
eral dynamical systems. Generalized models do not aim to replace conven-
tional modeling approaches, but should be seen as an additional tool that
can augment and facilitate present modeling e�orts.

T.G. thanks the Alexander von Humboldt Foundation for support. M.B.
was supported by the Deutsche Forschungsgemeinschaft. B.B. was sup-
ported by the German VW-Stiftung.
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